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THE RISK PORTFOLIO AS ATACTICAL OVERLAY

Paulo Tenani

ABSTRACT

The Mutual Fund Theorem is an elegant way of describing how investors with
different attitudes towards risk should construct their portfolios. It is, however, often
misinterpreted. This paper revisits the topic by defining the Risk Portfolio as a self-
financed tactical overlay portfolio in which all the overweight and underweight positions
cancel each other out. In this sense no net resources are ever allocated to the Risk
Portfolio and all the investment is allocated to the Minimum Variance Portfolio. Under
these circumstances the Mutual Fund Theorem implies that the ratio of Bonds to Stocks in
the Total Portfolio would depend on investor’s risk aversion; as it is actually observed in
practice. The paper also argues that the Asset Allocation puzzle, as traditionally stated in
the literature, only arises because of a misconception about the “the facto” definition of
the Risk Portfolio.

Key Words: Mutual Fund Theorem, Asset Allocation Puzzle, Modern Portfolio Theory,
Minimum Variance Portfolio, Risk Portfolio.
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|. INTRODUCTION

The Mutual Fund Theorem is a simple and elegant way to describe how investors with different
attitudes towards risk should construct their portfolios. It is traditionally stated as saying that every
investment decision consists of three steps. First, there is the construction of the Minimum Variance
Portfolio; secondly, the construction of the Risk Portfolio; and thirdly and last, the Asset Allocation
Decision on how much to allocate between the Minimum Variance and the Risk Portfolio - a decision
that will depend on each investor’s risk-aversion.

The objective of this paper is to argue for a different interpretation of the Mutual Fund Theorem;
one in which there is no Asset Allocation between the Minimum Variance and the Risk Portfolio. This
would happen if the Risk Portfolio were interpreted as, using Asset Management jargon, a “tactical
overlay”; composed of only underweights and over-weights allocations that sum up to zero. In other
words, the Risk Portfolio would be completely self-financed requiring no net resources whatsoever to be
invested in it. All investments, in fact, would be allocated to the Minimum Variance Portfolio and
changes in risk-aversion would exclusively result in changes in the magnitudes of the over and under-
weights positions within the Risk Portfolio.

It is important to mention that such an interpretation of the Mutual Fund Theorem arises naturally
whenever the first order conditions for the investor’s maximization problem are written in a slightly
different manner than what is usually done in the traditional Finance literature’; allowing for the
coefficient matrix to be inverted even in the presence of a Riskless Security. The solution that arises from
this procedure is a clear illustration of how all assets in the Portfolio contribute to both the Minimum
Variance as well as the Risk Portfolios; with the Riskless security, when it exists, being also part of the
Risk Portfolio.

The intuition, however, is much less clear if one writes the first-order conditions in the traditional
manner; in which the Variance-Covariance Matrix of the Portfolio is also the coefficient matrix. Under
these circumstances, in the presence of a Riskless Security, the coefficient matrix cannot be inverted,
which has led traditional Finance textbooks to arbitrarily exclude the Riskless Security of the Total
Portfolio and then solve an Asset Allocation Problem between the Riskless Security and the newly
defined Risk Portfolio. It is exactly this procedure that has led the Mutual Fund Theorem to be
misinterpreted in the Finance literature, as illustrated by the Asset Allocation Puzzle described in
Canner, Mankiw and Weil (2001).

What happens is the following. According to the Mutual Fund Theorem, all assets within the Risk
Portfolio should have the same proportions to each other, independently of the investor”s risk aversion.
However, in practice, less/higher risk-averse investors tend to have a different share of Bonds over
Stocks in their Total Portfolios. Is this an Asset Allocation Puzzle or just a misinterpretation of the
Mutual Fund Theorem? It is, in fact, a misinterpretation. And it is a misinterpretation because one is
simply confusing the Risk Portfolio with the Bonds and Stocks portion of the Total Portfolio; which, as
we will see below, is just not the Risk Portfolio as implied by the Mutual Fund Theorem. This typical and
erroneous interpretation of the Risk Portfolio would be innocuous - in terms of the Asset Allocation
Puzzle - if there existed a Riskless Security. However, in the absence of a Riskless Security, Bonds and
Stocks, as well as the others risk securities, would all be part of the Minimum Variance as well as the
Risk Portfolios. So, while by the Mutual Fund Theorem one should expect the share of Bonds over
Stocks to be the same in the Risk Portfolio of all investors; this should not be the case in their total
Portfolios. In fact, using historical data, the Mutual Fund Theorem indicates that less risk-averse
investors should hold a higher proportion of Bonds over Stocks in their total Total Portfolios.

! For example Ingersoll (1992), Elton, Gruber and Brown (2009), Pennacchi (2008) as well as Merton
(1973)



The paper is organized as follows. Section II describes the investor’s problem in a mean-variance
framework and then derives the first order conditions for an optimal allocation. To allow for the
coefficient matrix to be inverted even in the presence of a Riskless Security, the first order conditions for
the investor’s problem are written in a slightly different manner than in Merton (1972), keeping the
Lagrange multipliers on the left-hand side of the equations while moving the Expected Return terms to
the right-hand side. This will result in a bordered coefficient matrix that can be inverted even in the
presence of a Riskless security. Section III illustrates the traditional manner in which the first order
conditions are usually represented in the Finance literature, with the Variance-Covariance Matrix also
being the Coefficient Matrix. Section IV then states and proves nine properties of Mean-Variance
Efficient Allocations as well as Mean-Variance Efficient Portfolios. But, most importantly, Section IV
defines the Minimum Variance Allocations and the Minimum Variance Portfolio as being the
equivalents, in Asset Management jargon, to the Strategic Allocation and the Strategic Portfolio — where
the totality of the investment is allocated - while the Risk Allocations and the Risk Portfolio would be the
equivalents to the Tactical Allocation and Tactical Overlay Portfolio — which is completely self-
financed. This is a result that is not sufficiently emphasized in the Finance literature but that this paper
intends to stress. Section V illustrates, with numerical examples, the main results of Section IV as well as
one solution to the Asset Allocation Puzzle proposed by Canner, Mankiw and Weil (1997). Section VI
finally concludes.

Il. THE INVESTOR’S PROBLEM

Consider a portfolio P consisting of N securities with the expected return on the i security
denoted by r;; the covariance between the returns on the i and j" securities denoted by oy, and the
variance of the i"" security denoted by o;; = o7. Let a; be the percentage value of portfolio P that is invested
in security i. Under these definitions, the return and variance of portfolio P are given by the following
expressions:

N
1)RP=Z ar;
1:Nl .
2)oo=) agi+),
i=1 a N

The utility of the investor,U(E [R p} ;Gi), is defined over the expected return, E[R,] , and the

variance of the portfolio, Gi, - with the first and second order derivatives having the usual signs: U; > 0;

U, <0; Uy <0; Uy > 0. The investor’s problem, is to find a vector of security allocations a;; i =

1,........,N, that maximizes utility subject to the constraint that the sum of these allocations is equal to the
leverage of the portfolio k.
N
3) Z a,=k
i=1

Defining A as the Lagrange multiplier, the Lagrangian for this problem is given by:

N
k_z a
i=1

The first order conditions are a system of N+1 equations comprised of equation 3) as well as the
following system of N linear equations:
A U,
4) j#i+ —=———E[R| i=1,...N.
N ( —2 Uz ) ( -2 Uz )

Fla;A|=U[E[R,];07]+2




Notice that the system of N equations in 4) is written with the modified Lagrange multiplier as a
right-had side variable; which allows one to write the system of N + 1 first order conditions in matrix
form as follows:
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Or, using matrix notation,
5 Q.A=R

Matrix Qis a (N+1; N+1) coefficient matrix composed by the (N ; N) variance-covariance matrix
bordered by the coefficients of the linear constraint in equation 3) as well as the marginal-utility-adjusted
Lagrange multiplier. Notice that, because of the border, matrix Q can still be inverted even in the
presence of a Riskless Security - a security with zero variance and covariance terms. Vector A is a
(N+1 ; 1) parameter vector with the elements of the first N rows being the allocation in the N securities of
the portfolio, a;, and the marginal-utility-adjusted Lagrange multiplier (A/(-2U. )) as the element at the
N+1 row. Vector R is a (N+1 ; 1) right-hand-side vector composed by the N marginal-utility-adjusted
expected returns of the securities in the portfolio; (U;/A-2U.)).E[r;] ,i =1, ....., N, as its first N
elements; with the leverage of the portfolio, k ,being the element at the N+1" row.

From this point on we will be calling the term (U;/ ( -2 U'2 )) the return-risk preference parameter.

Notice that a lower/higher ( U'1/ ( -2 U'2 )) indicates either a higher/lower marginal utility with respect to

the variance term or a lower/higher marginal utility with respect to the Expected Return term and thus, a
more/less risk-averse investor.

Adding to the above notation, define four additional (N+1 ; 1) vectors, that will be used in the
sections below: vectors Z, Z’, R’, R’’. Vector Z is composed of N zeros as itsi = 1.......N elements and
the degree of leverage k as its N+1"element. Vector Z’, on the other hand, is composed of N zeros as its i
= 1......N elements and a 1 (one) as its N + 1th element. Vector R’, is composed of the N marginal-

utility-adjusted expected return terms, (U;/ ( —2 U'2 )) .E [rl.}) asitsi=1,...., N elements, and a zero as

its N+1" element. Similarly, vector R’’, is composed of the N expected returns, E [ri} asitsi=1,....,N
elements, and a zero as its N+1" element.

Finally, the minors (i , j) of matrix Q will be called Q; ;and, whenever the elements of a certain
vector V, for V=R, R’,Z, 7’ , are substituted in column i of matrix Q, the resulting matrix will be called
Q/.

[Il. THE INVESTOR'S PROBLEM AS TYPICALLY STATED IN THE FINANCE
LITERATURE

It is interesting to compare the system of N + 1 first-order conditions as described in equation 4),

with the way it is typically described in Finance textbooks. This is represented below:

. —A U, .
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Or, in Matrix form
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That is, in the traditional Finance textbooks, the first order system of equations is organized so as
to solve for the optimal allocations a;,i = 1, 2, ...,N in terms of the Lagrange multiplier. Then, summing
up all a;, one can use 3) to solve for the Lagrange multiplier which is substituted back in the expressions
fora;, i =1, 2,..,N to get the final results.

Notice, however, that by describing the first-order conditions as above, the Variance-Covariance
Matrix of the Portfolio is also the coefficient matrix of the system of first order conditions in 4°). So, in
the presence of a Riskless Security, this coefficient matrix cannot be inverted, as it will have one column
as well as one row of zeros. So, in order to solve for the first order conditions, it is typical of Finance
textbooks to simply separate the Riskless security from the Portfolio, and rename this N-1 Portfolio of
risk assets as the “Risk” Portfolio. Moreover, the problem is redefined in two stages. First, one needs to
find the efficient allocation for the N-1 risk securities within this new “Risk” Portfolio. And secondly one
should decide on the best allocation between the Riskless Asset and this new “Risk” Portfolio.

In addition, notice that it is exactly this “separation” between the Riskless Security and the N-1
risk assets — which is literally done by force so that the coefficient matrix can be inverted — that will lead
to the misconceptions about what de facto is the Risk Portfolio, as implied by the Mutual Fund Theorem.
At this point, it suffices to say that the Risk Portfolio will not be this Portfolio of N - 1 risk assets - as the
Finance literature commonly interprets it to be - but rather the tactical overlay portfolio that will be
defined in Section IV below.

|V. PROPERTIES OF OPTIMAL ALLOCATIONS AND OPTIMAL PORTFOLIOS

In this section, using the first order conditions as written in equation 5), we re-derive a few well
known properties of an efficient allocation. They are the following: (Property 1) Every Mean-Variance
Efficient Allocation can be divided into two separate allocations: a Minimum Variance Allocation, with
a coefficient of k, and a Risk Allocation, with a coefficient of U"/(-2U",); (Property 2) The Minimum
Variance Allocation is a function of only the variance and covariance terms of the securities in the
Portfolio; (Property 3) The Risk Allocation is a linear function of the Expected Returns of the securities
in the Portfolio; (Property 4) When there exists a Riskless Security, the Minimum Variance Allocation
will be one for the Riskless Security and zero for all other securities in the Portfolio.

We also derive two other properties that are not well known, namely that: (Property 5) the sum of
all the Minimum Variance Allocations is equal to the totality of the investment in Portfolio; and
(Property 6) the sum of all the Risk Allocations is equal to zero. These two properties will then allow us
to define the following properties: (Property 7) A Mean-Variance Efficient Portfolio is the combination
of a Minimum Variance Portfolio, in which all the investment is allocated, and a Risk Portfolio, which is
a tactical overlay portfolio that is completely self-financed; (Property 8) The proportion of any two
securities within the Risk Portfolio is independent of the return-risk preferences and, whenever there is a
Riskless Security, the proportion of two risk securities within the Total Portfolio will be equal to their
proportion in the Risk Portfolio.




Finally, Property 9 shows that the traditional way of dealing with the first order conditions in the
presence of a Riskless Security” - namely to arbitrarily exclude this security from the Total Portfolio and
then solve the Asset Allocation Problem between the Riskless Security and the a newly defined “Risk
Portfolio” - will give very different results than the procedure followed in this paper - namely to
rearrange the first order conditions so that the coefficient matrix can be inverted and simultaneously
solve for the allocation in the Riskless Security as well as the N -1 risk assets in the Portfolio.

Throughout the paper we will denote an optimal allocation by a;", i = 1,... N; where the star
superscript represents an optimal.

Property 1:

Every Optimal Allocation a’;, i = 1,........, N for any individual security in the portfolio, is a linear
combination of two allocations: a Minimum Variance Allocation, a;un , and a Risk Allocation, a; s« ;
with the linear coefficient of the Minimum Variance Allocation, a;mw , being the leverage of the
portfolio, k, and the linear coefficient of the Risk Allocation, a;rsxk , being the return-risk parameter U
W(-2U7).

Proof:

From Cramer’s rule we know that the optimal allocations a’; are given by:

Det |Q;
aiu:ﬁ i=1......,N

Det Q|

By the properties of determinants, one can add a N + 1 column of zeros to the i column and write

the system of optimal solutions a’;, i = 1,........, N as:

Det|Q”| Det|QF

J= (Q?)+ o ) i=1.....,N
Det(Q] Det(Q]

Factoring out the degree of leverage k fromDet(QiZ) as well as the return-risk preference

parameter (U;/ (-2 Ué )) from Det (Q%2 ) one can write the above system of equations as follows:

1

. Det|/Q”] U, Det|Q"]

a; = + - , i=1,.....,N
Det/Q)  2U,Det(Q|
Defining:
Det|Q”
)al MINZM’ 1= 1’ 3 N
MY Det Q)
Det Q"
7)(11. RISK:M 1 21, .,N
: Det Q|
Then, the optimal allocation for security i will be given by the following expression:
a U,
8) ai :kai,MIN-I-i'ai,RISK’ l = 1,........,N
(_ 2 Uz)
Property 2:
The Minimum Variance Allocation,q; yyn, [ = 1,...... , N, of any individual security in the portfolio

is independent of the expected returns of all securities in the portfolio, depending only on the variances
and covariances of these securities.

2 In which case the coefficient matrix is also the Variance-Covariance matrix and thus cannot be inverted



Proof:
From equation 6), the Strategic or Minimum Variance Allocation for the N securities in the
portfolio is given by:
Det(Q”|
a; vin— W
Where matrix Q, as described before, is a bordered matrix, in which the (N ; N) covariance matrix
is boarded by a column and a row of ones and zeros. So, matrix Q does not possess any expected returns

. . . .. . . z' .
as its components but only variances and covariance terms. Similarity, the matrix Q; is the same as

matrix Q with its i " column substituted by the elements of vector Z’, which are zeroes and ones. So it
also does not possess any expected return terms as its components; but only variance and covariance
terms.

That is, as we wanted to show, all Minimum Variance Allocations @; yyny [ = 1, ...... , N are

independent of expected returns and depend only on the variances and covariances of the securities in the
portfolio.

Property 3:

The Risk Allocation of any individual security in the portfolio, is a linear function of the expected
returns of all securities in the portfolio - with the linear coefficient depending only on the variances and
covariances of these securities.

Proof:

From equation 7) the Tactical or Risk Allocation for security i is given by the following
expression:

Det|QF|
ai,RISK_Det Ql
Where wa is the same as matrix Q with its i” column substituted by the elements of vector R’’;
which are the expected returns £ [ri]; i =1,....., N as elements of the first N rows and a zero at its N+17
row term.

By the property of determinants, one can write the determinant of matrix Qf" in the following
manner:

9) Det|QF'|=E|[r,|Det(Q, ,|+E[r,|Det|Q, |+....E[r|Det(Q, ,|+0.Det(Q,., |

Where the Q; jterms are the minors (i, j) of matrix Q. These minors, however, do not depend on
the expected returns of the securities in the portfolioE [ri], as the i" column is eliminated when
calculating the determinant of matriXQ?", and depend only on the variance-covariance terms. In
addition, matrix Q also does not depend on the expected returns, depending only on the variance-
covariance terms.

That is, as we wanted to show, all Risk allocations, @; gisk, [ = 1.,.....,N, are linear functions of all
the expected returns on the individual securities of the portfolio, with the linear coefficients depending
only on the variance-covariance terms.

Property 4:

If there is, in the portfolio, a security with zero volatility then the Minimum Risk Allocation will be
equal to one for this security and zero for all other securities in the portfolio.



Proof:

Assume a Riskless security F with zero volatility. This implies that, in matrix Q, the row and
column F, will be a row and column with N zeros elements, 0 ;=0; p= 0; i,j=1,.... ,N, and a one as
its N" element; so that Det (QIZ?) =Det (Q] Thus, from equation 6), dp yn=1.

In addition, for all other securities in the portfolio, i # F, columns i and F of matrix Qi' will be

exactly the same. Thus Det(QiZ')ZO and, by equation 10), a; \yx=0, for all i # F; as we wanted to

prove.

Property 5:

The Minimum Variance Allocation, aiuiv , i = 1,........, N, for any individual security in the
portfolio, is the solution to the problem of minimizing the variance of the portfolio, subject to the
constraint that k = 1.

Proof:

This is proved by inspecting the d; \;yterm in equation 6), fori = 1,2,..., N, and noticing that it is
exactly the solution to the maximization of the following Lagrangian, when either U;’ or E[r;] is zero for
ali=1,2,....N

N

1—2 a,

i=1

T(a;A|=U|E[R,];0}]+2

Property 6:

The Risk Allocation 4; pisk,, I=1....... N for any individual security in the portfolio is the solution to
the problem of maximizing the investor’s utility subject to the constraint that the leverage of the
portfolio ,k, equals zero.

Proof:

This is proved by inspecting the a; piskterm in equation 7), fori = 1,2,..., N, and noticing that it is
exactly the solution to the maximization of the following Lagrangian:

N
O—Z a
i=1

T(a;A|=U|E[R,];0}]+2

Property 7:

A Mean-variance Efficient Portfolio is a linear combination of two portfolios: a Minimum
Variance Portfolio, in which all the value of the portfolio- leveraged or not - is allocated; and a Risk
Portfolio, in which the magnitude of the Tactical Allocations — that sum to zero — depend on the
magnitude of the risk/return preferences of the investor.

Proof:
By Property 1, the optimal allocation is given by:
U,

a
8) ;' =ka, yyp+
" 2u))

a; sk, 1= 1, . N

One can define a Minimum Variance Portfolio Py, with Z a; yun =1, and with expected return
i=1
and variance defined by the following equations:



N
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N N
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2,)GMIN_Z a; vin O +Z 9
i=1 a

N

Similarly one can define a Tactical or Risk Portfolio Prsk, with z a; pisk =0, and with expected
i=1
return and variance defined by the following equations:
N

") Ry = Z a; risk '

i=1
N N
’) 2 _ 2 2
27)O0Risk = Z a; pisk 0 +2 Z ]EV]
i=1 a
Thus, from 8), the Return and Variance of the Efficient Portfolio P*, can be written as functions of
portfolios Py, and Prisk in the following manner:

14)R;I:kRMIN+(U;(_2Ulz))RRISK
a , 2 , .
15)0; :k2012\/[IN+(_U12U2) OZRISK+2k(_U12U2)GMIN;RISK

Property 8:

The proportion of any two securities in the Risk Portfolio is independent of the return-risk
preferences and whenever there is a Riskless security, the proportion of two risky securities in the Total
Portfolio will be equal to their proportion in the Risk Portfolio.

Proof:
By equation 7), the proportion of two securities i and j within the Risk Portfolio is given by:
a; pisk _ Det (QIR)
a; risk  Det (Qf) ’
Which, depends only on the variance-covariance terms of the securities in the Portfolio as well as
the Expected Returns of securities i and j. That is, it does not depend on the return-risk preferences as we

wanted to show.
In addition, by Property 1, the allocations of securities i and j in the Total Portfolio are given by:

i,j=1u.....,Nand i #j

U
o 1
a; =ka; i+ 4 risk»
B (—2U ) B
2
a_ 1
a; _kaj,MIN+ (_2 U ) a; risk»
2

However, if there is one other security in the Portfolio that is Riskless, then by Property 4

a4; min=4; min= 0. So, we can write the proportion of securities i to j in the Total Portfolio as:

Q
a; 4 pis

a
a; 4d;risk

Which is exactly equal to the proportion of securities i to j in the Risk Portfolio, as we wanted to
show.

Property 9:

The procedure traditionally carried out in Finance Textbooks, of arbitrarily excluding the
Riskless Security from the Portfolio, then calculating a “Risk” portfolio with N -1 risk assets and finally



solving an asset allocation problem between the Riskless Security and this newly defined “Risk”
Portfolio; will yield a different solution than the procedure followed in this paper, which is to rearrange
the first-order conditions so that the coefficient matrix can be inverted, and then simultaneously
calculate the optimal allocation of the Riskless Security and the N-1 risk assets in the Total Portfolio of
N securities.

Proof:

To verify whether these two procedures yield the same result we just need to check whether the
ratio of two risk securities, say risk security i and j, would be the same in the case in which there are N
securities in the Total Portfolio and in the case in which there are N-1 securities in the Portfolio — as a
certain security F, riskless or not, is excluded.

Notice that, with N securities in the Portfolio, securities i, j and F will all be part of both the
Minimum Variance as well as the Risk Portfolios. In addition, by Property 8, the proportion of securities
i to j within the Risk Portfolio will be independent of the return-risk coefficient — a result that, however,
would not hold in the Total Portfolio unless security F is Riskless.

On the other hand, with security F excluded from a Portfolio of N -1 risk securities, the ratio of
risk securities i and j would no longer be independent of the return-risk coefficient. In fact, under the new
problem of finding a Mean-Variance Efficient allocation in this new Portfolio of N — 1 risk securities,
there would be a new Minimum Variance as well as a new Risk Portfolio, but no other Riskless Security.
Thus by Property 8 the ratio of securities i to j would depend on the return-risk parameter. That is:

U'
(aiJ)N71 _ k(ai’MIN)Nl*-m(ai,RISK)Nl
(aj;')N—l k( U'1

aj,MIN)N—l"'( ] (aj,RISK)N—l

—-2U,

And notice that the (.)n.; stands for the new Portfolio of N — 1 risk securities.

In other words, even in the presence of the simplifying assumption of a Riskless Security, both
procedures will yield different results. The same argument would apply for the case in which security F
is not Riskless. In fact, in this case, the two stage procedure would also imply that, not only the allocation
between securities i and j depend on the risk-return parameter; but also the Minimum Variance allocation
between securities F, i and j. This result, however, would not hold under the one stage procedure carried
out in this paper. In this procedure, both the Minimum Variance as well as the Risk Portfolio would be
independent of the return-risk parameter.

|. ANUMERICAL EXAMPLE

To illustrate the Properties demonstrated in Section IV, as well as the Asset Allocation Puzzle that
arises from the misinterpretation of the Mutual Fund Theorem, we use the same example as in Canner,
Mankiew and Weil (2001). The authors use historical data from 1926 to 1992 for the returns, volatilities
and correlations of Treasury Bills, Long Term Government Bonds and Common Stock as shown in
Table 1 below:

Table 1: Historical Data from Canner, Mankiew and Weil (2001)

Arithmetic Mean Return Standard Deviation Correlation With
Asset (percent) (percent) Bonds Equities
Treasury Bill 0.6 4.3 0.63 0.09
Long Term Government Bonds 2.1 10.1 1 0.23
Common Stock 9.0 20.8 0.23 1

Throughout the analysis, it is assumed that the leverage of the portfolio is k =1.
a) No Riskless Security




Assuming the return-risk coefficient to be equal to U /(-2U",) = (1/5) and (U /(-2U",) = (1/4.4) ,
we would have the following allocations for Treasury Bills, Long Term Government Bonds and
Common Stock in the Minimum Variance, Risk and Mean-Variance Efficient Portfolios:

Table 2: Allocations in Minimum Variance, Risk and Optimal Portfolios for different U

“N-2U")
U'/(-2U",) = (1/5) U'/(-2U"5) = (1/4.4)
Asset/Portfolio Minimum Risk Efficient Minimum Risk Efficient
Variance Variance
Treasury Bill 114.48% -473.55% 19.77% 114.48% -473.55% 6.86%
Long Term Government Bonds -13.62% 261.93% 38.76% -13.62% 261.93% 45.91%
Common Stock -0.86% 8.46% 41.47% -0.86% 8.46% 47.24%

There are four things to notice about Table 2. First of all, as demonstrated in Properties 5, 6 and 7,
all the investment is allocated in the Minimum Variance Portfolio - whose allocation coefficients sum up
to one - and none is allocated in the Risk Portfolio, which is completely self-financed and whose
allocation coefficients sum up to zero. In other words, the Risk Portfolio is a tactical overlay portfolio
and, for the specific cases analyzed in Table 2, it is comprised of an underweight in Treasury Bills that
completely matches up the over-weights in Long Term Government Bonds and Common Stock.

Secondly, notice that all assets have an important contribution to both the Minimum Variance as
well as the Risk Portfolios. As expected, the Treasury Bill comprises most of the allocation of the
Minimum Risk Portfolio (actually a leveraged 114.48% allocation), while both Long Term Bonds
(-13.62%) and Common Stock (-0.86%) contribute with small shorts to finance the leveraged position in
the Treasury Bill.

Thirdly, as the Mutual Fund Theorem implies, the allocation of securities in both the Minimum
Variance as well as the Risk Portfolios are independent of the return-risk preferences U /(-2U",).
However, something different happens in the Total Portfolio. There, the magnitudes of the tactical
allocation positions taken in the Risk Portfolio, are all adjusted by the return-risk coefficient U"/(-2U").
In particular, for the case in which the investor is more risk-averse and U /(-2U",) = (1/5), the Total
Portfolio is comprised of 19.77% in Treasury Bill, 38.76% in Long Term Government Bonds and
41.47% in Common Stock. However, for the case in which the investor is less risk-averse and U"/(-2U
5) = (1/4.4), the proportion of Bonds in the total Portfolio increases, by 7.15 percentage points, to
45.91%, while the proportion of Stocks increases by 5.77 points, to 47.24% - both of these financed by a
decrease exposure in the Treasury Bill of 12.91 percentage points, to 6.86%

That is, and this is the fourth thing to notice about Table 2, while the security allocations within the
Risk Portfolio (as well as the Minimum Variance Portfolio) are indeed independent of the return-risk
preferences - as the Mutual Fund Theorem would imply - their allocation in the Total Portfolio is not; as
demonstrated in Property 8. In fact, for a more risk-averse investors, with U"/(-2U",) = (1/5), the
proportion of Long Term Bonds to Common Stocks in the Total Portfolio is 48.32% while for less risk-
averse investors with U"/(-2U",) = (1/4.4), it increases by 103 basis points, to 49.29%.

This is exactly the Asset Allocation Puzzle. And notice that it arises from a misinterpretation of
the Risk Portfolio as being comprised of only Long Term Bonds and Common Stocks. If this
misinterpretation is corrected, and the Risk Portfolio is as defined in Properties 1, then the ratio of Bonds
to Common Stocks would remain constant and there would be no Asset Allocation Puzzle. This is also
illustrated in Table 2.

b)  Riskless Security

Let’s now redo the calculations for the case in which the Treasury Bill is a riskless security, having
zero variance and zero covariance with Long Term Bonds and Common Stock. In this specific case, the
allocations for the Minimum Variance, the Risk and the Mean-Variance Efficient Portfolios are
illustrated in Table 3 below; for the cases in which the return-risk coefficients are, respectively, U /(-2U
2) = (1/5) and U /(-2U";) = (1/4.4).



Table 3: Allocations in Minimum Variance, Risk and Optimal Portfolios for different U
“/(-2U",) for the case in which the Treasury Bill is riskless

U,1/(-2U,2) = (1/5) U’1/(-2U'2) = (1/4.4)
Asset/Portfolio Minimum Risk Optimal Minimum Risk Optimal
Variance Portfolio Variance Portfolio
Treasury Bill 100% -301.23% 39.75% 100% -301.23% 31.54%
Long Term Government Bonds 0% 111.97% 22.39% 0% 111.97% 25.45%
Common Stock 0% 189.26% 37.85% 0% 189.26% 43.01%

There are two things to notice about Table 3. The first one is that, as demonstrated in Property 4, if
there is a Riskless Security, then the Minimum Variance allocation will be one for this security and zero
for all other securities. That is, in this specific example, the Minimum Variance allocation in the
Treasury Bill would be one and the Minimum Variance Allocations in Long Term Government Bonds
and Common Stock would be zero.

The second thing to notice is that, if the Minimum Risk Allocation of Long Term Bonds and
Common Stock are zero, then the proportion of Bonds to Stocks in the Risk Portfolio will be the same as
the proportion of Bonds to Stocks in the Total Portfolio, as shown in Property 8. And, in fact, since the
Mutual Fund Theorem implies that the proportion of Bonds to Stocks in the Risk Portfolio should be
independent of the risk-return preferences, the same would also apply to the Total Portfolio. This is
illustrated in Table 3 above, with the proportion of Long Term Bonds to Common Stock remaining at
37.17% for both the Risk as well as the Total Portfolios, independently on whether U";/(-2U",) = (1/5) or
U /(-2U",) = (1/4.4). That is, in the presence of a Riskless security, the proportion of Bonds to Stocks
would be constant even if one misinterpreted the Risk Portfolio as being comprised of only Bonds and
Stocks. As this fact does not happen in practice, it ended up being interpreted in the Finance literature as
an Asset Allocation puzzle.

c¢) Comparing the Two Procedures

Let’s now compare the two procedures mentioned in the paper. The first one, traditionally carried
out in the Finance literature, starts by eliminating the Riskless Security from the Total Portfolio of N
securities and then calculating a new “Risk” Portfolio of N — 1 risk securities. As a final step, it solves an
Asset Allocation exercise to determine the optimal allocation between the Riskless Security and this new
N — 1 “Risk” Portfolio. We will call this procedure “Traditional”.

The second procedure, as described in Section III, rewrites the first order conditions for the
investor’s problem in such a way that the coefficient matrix can actually be inverted. This allows for the
jointly determination of the Mean Variance Efficient allocation for the Riskless Security as well as the N
- 1 Risk Securities in the Portfolio. We call this procedure, “Jointly Determination”.

Table 4 below illustrates the Mean-Variance Efficient allocations that would arise from
these two different procedures, for the case in which the Treasury Bill is the Riskless Security and
the return-risk parameter is either U"/(-2U";) = (1/5) or U /(-2U";) = (1/4.4). Similar results would
hold in the absence of a Riskless security; namely, the two procedures would yield different results.

Table 4: Asset Allocations under the Joint determination of all Assets and under the Two
Stages Procedure, for different U"/(-2U",) and for the case in which the Treasury Bill is riskless

U'/(-2U"5) = (1/5) U'/(-2U"5) = (1/4.4)
Asset/Portfolio Joint Traditional Joint Traditional
Determination Determination
Treasury Bill 39.75% 27.7% 31.54% 20.19%
Long Term Government Bonds 22.39% 40.12% 25.45% 41.27%
Common Stock 37.85% 32.17% 43.01% 38.54%

There are two things to notice about Table 4. The first one is that, as suggested by Property 9, even
for the case in which there exists a Riskless Security, both procedures will yield very different solutions
to the investor problem. In other words, to jointly determine the allocation of N assets, as it is done in
Section III, yields a different solution than to first solve the problem for N — 1 securities, and then solve




an asset allocation problem between the remaining one security and the Efficient Portfolio of those N — 1
Securities - as it is done in the traditional Finance Literature. And a different solution exists even under
the simplifying assumption that there exists a Riskless Security, as illustrated in Table 4.

Secondly, as shown in Properties 8 and 9, when there exists a Riskless Security, the proportion of
Equities to Bonds in the Total Portfolio will be independent of the return-risk parameter under the Joint
Determination Procedure; but it will not be independent under the Traditional Procedure. This is
illustrated in Table 4. In fact, notice that for the Joint Determination procedure, the ratio of Bonds to
Equities is 37.17% for U /(-2U",) = (1/5) as well as for U /(-2U",) = (1/4.4). However, under the
traditional procedure, the ratio of Bonds to Equities would be 55.5% for U"/(-2U",) = (1/5) and 51.7%
for the less risk averse investor with U"/(-2U",) = (1/4.4). That is, even in the traditional two-steps
procedure, an Asset Allocation Puzzle would only exist if one misinterpreted the new “Risk” Portfolio as
being comprised of only Bonds and Stocks.

|. CONCLUSION

This paper revisits the Mutual Fund Theorem using a different interpretation of the Risk Portfolio.
Under this interpretation, the Risk Portfolio is a tactical overlay portfolio in which the overweight and
underweight positions exactly cancel each other out. In this sense, the Risk Portfolio is completely self-
financed and all investment is allocated to the Minimum Variance Portfolio; with differences in risk
aversion resulting in no changes whatsoever in the Asset Allocation between the Minimum Variance and
the Risk Portfolio - but rather in a tactical adjustment to the overweight and underweight positions within
the Risk Portfolio. Such new interpretation of the Mutual Fund Theorem arises naturally for the case in
which the first order conditions for the investor’s problem are written in a slightly different manner — that
allows for the coefficient matrix to be inverted even in the presence of a Riskless Security.

In this sense, the Asset Allocation puzzle, as traditionally stated in the Finance textbooks, arises
from a misinterpretation of what the facto is the Risk Portfolio. What happens is that, by the Mutual Fund
Theorem, the Risk Portfolio is not comprised exclusively of risk assets such as Bonds and Stocks - as
traditionally stressed - but rather of all securities in the Portfolio; including the Riskless Security. And
once this is clarified, there is no Asset Allocation puzzle whatsoever. The dependence on the risk-return
parameter that is observed in the data, of the ratio of Bonds to Stocks in the Total Portfolio, is exactly
what is predicted by the Mutual Fund Theorem in the absence of a Riskless Security.
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