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SUBOPTIMAL RISK PLACEMENT BASED ON INVERSE
VOLATILITY WEIGHTING

Roberto Cintra

ABSTRACT
Using volatility as the risk measure for portfolio’s risk, a very simple asset allocation approach is
presented so that risk is equally split into all portfolio’s components without optimization

IRoberto Cintra is both a researcher at GV Invest — FGV/EESP — and invited professor at the Masters Program in
Quantitative Finance at EESP-Fundacgdo Getulio Vargas.
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INTRODUCTION

Asset allocation is key for successful Portfolio Management. Authors such as Grignold and Kahn
(2000); Campbell and Viceira (2002), among others, state that asset allocation is the single most important
component for performance.

Classical mean-variance was introduced by Markowitz’s work (1959) and established the need for 2
inputs: risk and return. When the objective (utility) function is quadratic, it’s unconstrained solution is
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well known and given by an allocation vector w :;Z 1E[R] that depends on the risk aversion

coefficient y, the variance-covariance matrix X and vector of expected returns E [ﬁ]

An alternative approach is to focus on risk-only allocation, that is independent of expected return.
One example is the so-called risk-parity (Roncalli,2012) where the marginal contribution of each asset to
total risk is the same. In this short study, we’re proposing a simpler solution that relies on the concept of
risk-parity but without optimization.

SUBOPTIMAL RISK PARITY ALLOCATION

Let’s assume that an investor has a portfolio of “n” different instruments. Portfolio’s variance is
given by:
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Assuming that this investor believes in market efficiency, he/she decides to control portfolio’s risk
only, measured by volatility, provided the market price of risk® is given.
In this context, the investor decides to establish the following rules to build the portfolio:
Risk is measured by volatility;
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As initial step, for all instruments “i”, the product W;0; has the same value;

n
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Correlations need to satisfy:
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The initial allocation, as given by Rule (ii), implies that each instrument’s direct contribution to risk
is the same; when there is no leverage. Rule (iii) means that weights sum up 1.
Using (ii), W;0,=w;0;;i# j, and expanding (1):
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Also, from rule (ii):
. w0,
W,0,=W,0,>W,;= ' 3)
J
Assuming leverage L=k and (3), it implies that:
w
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Provided w,0,=Ww,0/, then, from (4), instruments’ weights are given by:
k x 1 k x 1
g, of
w,= 5
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Based on result (5), allocation should be proportlonal to the inverse of volatility. If assets are
uncorrelated, portfolio’s risk, given equations (2) and (5), is:
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It should be observed that, in the specific case of a given leverage “k”, risk is a consequence of the
choices made at allocation level as implied by (6).

Another way to see this result, (6), is to look at it from the opposite perspective: given a desired
portfolio risk, what should be asset allocation? The answer, also from (6), is obvious: it corresponds to
fine-tuning k so that the target volatility level is achieved.

Rule (iv) is needed to have positive variance; its “second” form is less generic and applies when
Rule (ii) was already obtained.

(6)

APPLICATION

Let’s assume one has a portfolio of 3 assets:
See Table I.

In this case, from equation (6);
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If there is no leverage, then 0 ,~30 % and the weights are given by (5):
kx L
0; _2.50 _3.33 _2.00
w - . .

= w,= s W,= S Wy=
: Z 1 ' 783" 7% 783" 77 7.83
=19

If an investor wants a portfolio that has volatility of 3%, then the weights should be divided by 10
and the remaining cash should be invested into a risk-free asset.

Portfolio’s volatility can be written (Roncalli, 2012) as:
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To obtain individual contributions:
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Thus (7) can be rewritten as:

o= | Vi (9
VW' Zw ),
This is known as the Euler decomposition formula, where the product is between row “i” of both

vectors. Considering table 1 as well as the weights when k=1, we have the following covariance matrix:
T

40% O 0 1 0 05//40% O 0 0.160 0 0.100

[ —> ZW .—> Z‘_/;}
w Xw i=1

2=6l 0 30% 0 0 1 05 O 30% 0 |=| O 0.090 0.075
0 0 50%| {05 05 1 0 0 50% | |0.100 0.075 0.250
2.50
783 13
Therefore, using this covariance matrix and the vector of weights, w= 7_83 =10.425]|, risk
200 0.255
7.83
contributions per unit of asset are:
0.0766
0.0574

RCG| v |oa277] |0-268
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Re,| VW IW 2855% 0 447
Multiplying the risk contributions, “RCs”, by the weights, the following risk participations, “RPs”,
are obtained:




RP,,| 10.268] [0.319] [0.09] [30%
RP,,|=|0.201{"[0.425|=]0.09]|.". | 30%
RP,,| [0.447]]0.255] [0.11] [40%

As expected, the risk contribution of each asset is not the same (ERC or the equal contribution to
risk approach) because correlations are not zero. However, after this initial step, to obtain the intended

1
contribution of — or 33.3%, the weights should be adjusted accordingly - if the result is not in the

acceptable range:
adjust _ (desired—actual) _0.10-0.09 _

5%
RC RC, 0.268 °
(desired —actual ) _010-0.09_ -,
RC, 0.201
(desired —actual ) _0.10-0.11__,,
RC, 0.447

Comparing the total required increases in weights to the total reductions, we see that the lowest
absolute weight adjust is 3% Thus this must be the basis for the adjustment. Taking from instrument 3 and

. . ) . adjust ) '
splitting between instruments 1 and 2, proportional to ratio RC respectively:
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Recalculating risk contributions using adjusted weights:

0.0756
RC ] 0.0567
Rc1 - Zw L9128 8%;
27 5T o= or |V
RC,| YW 2W 27.87% 0,439

Finally, risk participations are close to desired (1/3 each):

RP,,| [0.271] [0.333] [0.09] [32%
RP,,|=(0.203||0.444|=|0.09|." [32%
RP,,| |0439] |0.224] |0.10] |35%

CONCLUDING REMARKS

In the context of asset allocation via Risk Budgeting, as in Roncalli (2012) for example, we
concluded that it can be implemented without optimization.



Even though in this short study, as in other works, the focus was on risk-parity - meaning a risk
allocation equally split into all risky components - the same approach can be applied to establish other
required risk allocations, by simply changing equation (3) and targeting to define required relative
contributions. Finally, the results presented in this short study can be applied at risk factor level by simply
substituting assets for factors and adjusting covariance accordingly.
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NOTES
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*Market price of risk is assumed to be the ratio between portfolio’s excess return and its correspondent risk: A =



TABLES

TABLE I. Parameters of portfolio’s assets

Correlation Correlation Correlation .
. . . Volatility
matrix matrix matrix
Al A2 A3 Volatility
Al 1.00 0.00 0.50 40%
A2 0.00 1.00 0.50 30%
A3 0.50 0.50 1.00 50%




